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IKTRODUCTION 

The  problem  of  calculating  the  reflection  and  transmission 
effects  of  floating  bodies  on  surface  waves  has  been  treated 
rather  generally  by  P.  John  [1].   The  object  of  this  report  is 
to  derive  the  approximate  theory  from  the  exact  hydrodynamical 
theory  for  gravity  waves  of  small  surface  amplitude  by  making 
the  simplifying  assumption  that  the  wave  length  X  in  the  water 
is  sufficiently  large  compared  with  the  depth  h  of  the  water. 
The  derivation  of  this  approximate  theory  for  different  bovmdary 
conditions  is  based  on  a  paper  by  J.  J.  Stoker  [2]. 

In  Section  1,  part  I,  the  shallow  water  theory  taking  into 
account  the  higher  order  terms  will  be  derived.   This  theory 
will  then  be  specialized  for  four  different  cases  to  be  treated 
here  in  detail. 

In  Section  2,  Part  I,  it  is  shown  that  the  approximate 
theory  has  to  make  not  only  the  restriction  that  the  ratio  X/h 
be  small  but  also  that  the  ratio  a/X  be  large  enough  ( a/X  >  1) 
where  2a  is  the  length  of  the  obstacle. 

In  Section  1,  Part  II,  the  potential  function  J  for  the 
exact  linear  theory  with  certain  initial  conditions  is  derived 

(see  J.  J.  Stoker  [3])  and  for  this  same  case  the  potential 

^        "t"  I        '       '■ 

function  £  for  the  approximate  theory  is  derived  and  the  two  are 

compared. 

The  results  obtained  in  the  above-mentioned  cases  give  some 
general  ideas  for  treating  the  reflection  of  waves  frem  an  ob- 
stacle of  finite  length  in  the  shallow  water  theory.   The  re- 
sults obtained  for  different  boundary  conditions  show  under  what 
conditions  the  best  result  for  different  parameters  can  be  ex- 
pected.  The  comparison  of  the  potential  function  ^  *f  the 
exact  linear  theory  to  the  potential  function  J  ,  of  the  ap- 
proximate linear  theory  shows  that  for  small  x/h  the  two  solu- 
tions differ  very  little,  but  one  has  to  be  careful  in  making  any 
conclusions  for  the  amplitudes  of  reflected  waves  in  the  ap- 
proximate theory.   The  results  in  Part  I,  Section  2,  show  that. 
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at  least  in  a  particular  case,  the  ratio  a/\  has  to  be  taken 
into  account.   We  showed  one  case  in  order  to  draw  attention  to 
the  fact  that  the  parameter  a/X  has  to  be  considered.   It  will 
be  worthwhile  to  take  into  account  even  the  higher  order  terms 
in  h/X  (fifth  and  sixth  order)  and  to  see  how  much  influence 
this  will  have  on  the  results  obtained  here.   It  should  have 
been  done  also  for  different  boundary  conditions.   In  principle 
the  taking  into  account  of  the  higher  order  terms  of  h/X  for 
different  boundary  conditions  doesn't  cause  any  mathematical 
difficulty,  but  it  is  very  tedious.   Consequently  we  are  calling 
to  attention  only  some  of  the  facts  which  we  proved,  showing 
also  the  way  of  setting  up  such  problems  and  the  rest  is  left 
to  the  people  who  are  interested  in  the  specific  cases. 
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NOTATION 

The  following  table  comprises  a  list  of  the  principal 
notations  emplcyed. 

J,  (Ji  =  potential  function 

B    =  amplitude  of  the  incident  wave 

B'    =  amplitude  of  the  reflected  wave 

T    =  amplitude  of  the  transmitted  vzve 

g    =  gravitational  constant 

h    =  depth  of  the  wa':er  in  the  direction  of  y-axis 

p    =  pressure 

^',  w  =  elevation 

p    =  density  of  the  water 

2a   =  lenj^th  of  the  obr'-^cTe 

(T        =   frequency  of  the  motion 

t    =  time 

X    =  wave  length 

X,  y  =  coordinate  axes 


PART  I 


§1. 

In  the  derivation  of  the  approximate  theory  we  start  from 
the  potential  equation  for  ^  and  integrate  it  with  respect  to  y 
from  the  bottom  to  the  equilibrium  position  of  the  top  surface 
(see  J.  J.  Stoker  [2],  page  29,  and  J.  J.  Stoker  [I4.]), 


-h 


(1) 
where 
(2)   I  = 


^    dy  =  ^  =  -  ^ 

-yy    -y    &x 


'^  Ix  "  J    (y-^^^ixy^^ 


=  -h  ?   .  Il 

—XX   dx 


^^^  (h-y)fxydy  =  I-  fT..  -  f 


o  ^2 
-xy  J  _^    2  ^xyy  ^ 


h^-. 


^  --xy    b    -^-xyy   J 


(Integrating  by  parts  an^  t^l':ing  y  =  0) 
Combining  equations  (1)  and  (2)  we  get: 

2         ^ 

(3)5'=-hT  +-^?r   -^3^    +r... 

'   — y      —XX    2  --xxy    6  — xxyy   j 

The  conditions  to  be  satisfied  by  ^  are  (for  derivation  se^  for* 
example.  Lamb  [5]  or  Milne- Thcmp? en  [6]) 


^  ^ '   —XX   — yy 


for 


(5)  i^t  =  -S  ly         ^°^ 

(6)  Jy  =  -h  1^        for 


0  >  y  >  -h 
y  =  0 
Y  --  -h 


The   surface   elevation   V    is    glvrsn  by 

(7)   ^(x,t)  =  I  it      ''■'      y  =  ° 


Prom  equations  (7)  ^nd  (5)  we  obtain 


rrf-: 


o:io:.t^^^. 


and  so  we  can  write  for  equation  (3) 

2         3 

(9)    -  7^  =  -h  I   +Vf    -^?     + 
^ '  ^      ( t      ^xx    2  ^xxy    6  — xxyy 

or 

2        3 

(10)   ->?^  =  -h^   +^5"    -^T     +  0{h'+) 
^       '  (t      -XX    2  -xxy    6  -xxyy    ^   ' 


(We  assume  that  $"      and  ^     are  bounded  for  all  x  and  t, 
^  J-xxxyy     -xxyy 

and  for  -h  <  y  <  0.)   The  approximate  theory  called  the  shallow 
water  theory  neglects  the  higher  order  terms  In  h.   Taking  the 
lowest  order  term  In  h  we  have 


-XX 


(11)  7t  =  -h  1^ 
Setting   >^  =  w(x)e     and  J  =  <)»(x)e    ,  we  obtain 

(12)  low  =  -h  4^^ 

or 

(13)  <t  =  -  Ipp  x^  +  YX  +  5    (Integrating  4.^^  twice) 


From  equations  (5)  and  (3)  and  taking  only  the  lowest  order  term 
in  h,  we  obtain 

nk)    itt  =  ghixx 

or     -cr    =   ghci>        .      Setting     4  =   4'   e  we   get 

(15)  -o^  =   -gh  m^ 
or 

(l5a)  cr=    v/gE  m 

From  equations  (5)  and  (3)  neglecting  the  terms  of  O(h^)  and 
higher  we  get 

(16)  ?,,  =  gh  ?:   -  Sh  ^   +  4^  ? 

^j-v^/   _itt   *^  -xx    2  ^xxy    6  -xxyy 


0-' 


Setting  ^  =  -  —  ^    (from  eauation  (5))  and  ^   =  .  3" 
(from  eouatlon  (U)),  we  obtain 


<")    itt  -  8h  i,,  - 1  ix^tt  -  #  i 


xxxx 


Now  we  want   to   set     J(x,t)    =   (i»e  ,    and   so  we   get: 

(18)  -0-2  =   .ghm^   +  lilf^  -   S^  m^ 

\  J  \         ^      J 

-,-  .2      ^/2-,2  V,  -1 

O-   =   gh,.^;i   +   fV-m^l/E^-  -K   ll 

'        ■'    /v    ^     ^  J 

(19)  0-^2  =  ghm^/l   -  J  hV   -    ...'j      . 

2 
Equation  (19)  corresponds  to  the  exact  relation  o-  =  mg  tanh  v:^:\, 

and  we  see  therefore  that  (19)  is  correct  up  to  terms  of  order  h-^ . 

With  the  above -obtained  results  we  ■.j^..-it  now  to  set  up  the 
equations  for  calculating  the  ratio  of  amplitudes  of  the  re- 
flected wave  to  the  incider.t  wave  with  different  boundary 
conditions. 


§1.2. 

Suppose  an  obstacle  of  the  length  2a  floats  on  the  surface 
of  the  water,  which  extends  from  -oo  to  +oo  along  the  x-axis,  as 
shown  in  Figure  1. 

\le   consider  three  regions,  as  follows: 

1st  region:   -oo  <  x  <  -a   in  this  region   ,  4»  =  ^^t 

2nd  region:   +a  <  x  >  -a   in  this  region   ,  c^  ^  4o 

3rd  region:   +a  <  x  <  +oo   in  this  reg?. on   ,  4=4 


-  ^2 


We  write  4-i  sind  ^^   ^^  *h®  form: 

(20)  ^^  =  Be^"^^  +  B^'e-^"^^ 

(21)  4p  =  Te^"^^    , 
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corresponding  to  an  Incident  wave  of  amplitude  B,  a  reflected 
wave  of  amplitude  B  ,  and  a  transmitted  wave  of  amplitude  T. 

For  ^^,    we  have 

(see  equation  ( 13 ) •   Prom  the  conservation  of  energy  law  we  get 
that  c|),  ci>'  must  be  continuous  at   x  =  -a   and   x  =  +a.   This 
leads  to  ; 


(1) 

(11) 

(HI) 

(Iv) 


_,  Ima   „v-  Ima 
Be     +  B  e 


^Ima  ^  3-;..lma 

_^lma   IcTwa 
Te    "" 


lo-wa     „  _^  R 
— 2H va  +  6 

lo- wa 


lm(Be     +  B  e    )  =   g,  —  -  y 

2 
i 

ima 


ImTe- 


+  ya.  +   6 

lo-'wa 


+  Y 


Ijow  we  determine  w  (horizontal  displacement)  from  Newton's  law 
(23) 


d^w 


M  ^  =  -p  It  -  p  gV^    , 
dt 


From  equations  (23)  and  (13)  we  obtain 


(21+) 


'^  a 
-a 


Icr         l<5"-'wx  ^   ^  j_  =.  , 


dx  =  -  M 

Pg 


and  the  equation  for  w  Is 


(V) 

where 


2icra  .    - 

aw 5=0 

g 

2  1  2 

a  -  —m — i- —  +  do.  -   

3gh         pg 


If  we  want  to  take  into  account  the  angle  of  rotation  around 
the  center  of  gravity  (for  small  angles cj)  we  have  the  addi- 
tional equation  (for  derivation  see  J.  J.  Stoker  [l\.]) 


(vi) 


CO    = 


2pio~'a-^Y 
3    ^^ 


-,L.^2        a-^o-p   2    3 


-■•-  f-^,-< 


•I-   :•:■,•    t 


i    /V 


Vfe . conald^r  four  different  cases. 

Ist  case;   The  obstacle  is  fixed  (w  =  0).   We  have  to  solve  only 
four  equations.   The  result  Is: 


(25) 


B* 


B 


am 


/7^ 


(see  Figure  2) 


a  m  +1 


2nd  case:   The  motion  of  the  obstacle  is  prescribed  (B  =  0) , 


(26) 


B' 


V 


TT 


y^^ 


a  m  +1 


For  large   am  we   get: 


1b*1    =  -^  aw 

Figure  3  gives  |b*/w|  against  2a/\  and  we  see  that  the  curves 
are  straight  lines  with  slopes  depending  on  the  water  depth  and 
the  wave  length. 

In  the  3rd  case  we  consider  a  freely  floating  obstacle. 
The  obstacle  moves  horizontally  due  to  the  incident  wave.   The 
result  is  as  follows : 


■it 


B 


12  2 

2"  m  a   +1 


.^/3 


Im  /  ^  a  +  -2  a 


cr  a 


2/a" 
m  I  -^  + 


2cr'^a  J        J 


? 


2      2 
Substituting  the  value  of  (3~"   =  ghm   we  get: 


(27) 


■it 


B 


^  m^a^  +  1 


flS   .„  ^  1    1  Mmh\^  ^  1 2 


/2  „2  2  ^  ^ 
a  m  +  c 


T~7 

hMm^^*- 


We  see  that  the  factor  which  contains  »  c^n   b^.for  all  practical 
purposes  neglected  in  comparison  to  the  other  terms  because  by 
assumption  mh  is  very  small  (mh  «  1)  p  for  water  =  1.9375*   So 
we  get 


ci   -rab'.no- 


;.;    ;       |',f»X 


szc-;-;.;;;??;,;?; .:  ^u:^: 


..-i.->-T 


iV,.H 


:>'".  .1  ■;  ViZ'.y 


it^    ^'v:/;.j.    'Tcr 


-cio* 


Cr:  •  •  '  '^';  "::•;'!  '■  ■■■  ^Z 


'v*i.^O'''I       :•.      **Xi^i.   Lcl*'': 


v'i  j.F-i'.-f.o; 


;:vi;;.:j:?--';-:  '};5v   ;.]     :t I ; •  c: r^  - 


:-:/!. •?v    fvrij    r^lrii-^.u:^.' ::  z.iLJo 


t        I. 


■■f    £■ 


■ '^  ;;. --' •■  T -^    y''    i\    •'       •  ,  5, -*  »-v  fc-,  i  ♦yea  **;     jj-^.j,  •••       ' '-T^rr 


10 


1  JiJ^ 


(28) 


B_ 
B 


ma  +  1 


V  '         ^        am-' 


As  the  equation  (28)  shows,  |b  /BJ  Is  Independent  of  h. 

For  the  final  case,  i;,  we  want  to  write  down  the  formula 
for  Ib'VbI  for  an  obstacle  which  Is  freely  floating,  while 
taking  into  account  the  rotation  around  the  center  of  gravity  of 
the  obstacle.   (This  is  understood  always.) 


Vc 


(29)         ^1    = 


J[.l.   2^  .  S^  .   eh,„2,2.2„a,^.2,-]2,^g  p^ 


m-^ha 


[l.  E^  .   eh(„2^2.2„2„b,2,,  =T^]    -["("  h  ^3P  l)*P^   '^'l^ 


where      a  = 


M 


2pa   "  5K 


-  -^     ,      P  = 


_  3 

2" 


ca 


a^ 

T5E 


2 
3 


S 


If  we  neglect  the  terms  which  contain  the  mass  (for  the  same 
reason  as  above)  we  find: 


(30) 


B 


B 


^^^^)^i^  -  ^  M 


52 


«2  2 

a  m 


a  ro 


^ 


29 
So 


89 
30am 


2 

""2-7 
a  m-^ 


If  we  campare  equation  (30)  with  equation  (28)  we  can  see  that  in 
equation  (30)  the  value  for  |b  /b1  is  smaller  than  in  equation 
(28).   For  large   am  the  difference  is  very  small,  (about  2-3%). 


11 

Here  We  want  to  consider  the  same  problem  as  in  Section  1.2, 

p 
Part  I,  but  taking  Into  account  the  terms  of  the  order  O(h') 

and  0(h-^).   For  one  special  case  we  want  to  compare  the  results 

obtained  in  the  previous  section  with  the  result  obtained  by 

taking  into  account  the  terms  of  0(h)  and  O(h^).   We  have  three 

regions,  as  before: 

1st  region:    -co  <  x  <  -a    ;    4  s  <i>-, 

2nd  region:    +a  <  x  >  -a    ;    <i>  =  (t^ 

3rd  region:    ''"^  f.  ^  ^  '*'°^         *        4  =  4p     • 

In  the  previous  section  we  obtained  (from  equations  (17)  and  (7)) 

(31)  gTJ^  =  gh  l^^  .  4  l^xxtt  -  '-0-  ixxxx 

writing  for  ^(x)  =  w(x)e^^*;   |;(x,t)  =  <l)(x)e^°^^   and  multi- 
plying both  sides  by  (:>/z^\  we  obtain 

(32)  i^  „  =  4   /-I  - 
h^       ^^1?^ 

Let  us  consider  for  simplicity  the  case   w  =  0  (no  horizontal 
motion  of  the  obstacle,  as  in  case  1  of  the  previous  section). 
The  solution  for  this  case  for  the  differential  equation  (32)  is 

(33)  4  =  c-jcos  ^x  +  C2sln  ij,x  +  c^x  +  c. 
where 


(3k) 

Putting  in  the  value  for  C*  from  equation  (19)  we  get: 


Now  we  assume,  as  before, 
(36)    4i  =  Be^^-^  H-  6%-^"^^ 


^  -i 


[j.W'     f"'!'i.''. 
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(37)       4.  =  T> 


ImX 


(38)        4>-^   =   c,  cos   [ix  +   CpSln  (.ix  +   c^X  +   c.  « 

Th3   boundp.ry   coti'^Atlons   which  are   determined   from   the   energy   law 
give  ua    c|)^j    d),,    d>,    ,    cont:'ra--vs    a"-,      x  =   +a    .      Having   six  condi- 
tions  and    six  unknovm.s    ( c,  ,Cp,  c,  ,c,  ,T,b"^),    we   can  r.olve   for 
|b'*'/b|    and   we    get: 

b' 


(39) 


,        k   o      2   2        li. 

(-avi. '+29!^  |j,    -p^^jcos    }ia 


/n'+        2  \ 
+   (  -  —  -m  }.ij  sin  ^La 


i2   r 


,      L   o      2   2        li.  /   2        mM    . 

(aij.^-2an  J.'.   +am',cos   |j,a   +/ -n  j.'.-  --/"in  ^aj    + 


2   V 

I       '—   -  - 1 1  c  0  s    Li  ?, ; 


If  we   comp^ve    equation    (39)    x-ii-^h   ecwz'slon   (25),    it   is    or.py   to 
verify   -"hr.t   for  srr.c.rx  hA      (h/\   <    .?-^      r->.d      f./A   >  1      •>.  r-   ::j:/\). 
IbVpI    wili  li-"S    "'^^''    -"^--    v:.l-.-3,      rcr      -/A   <   1      coM"';icn    (:.9) 
shC'js   ■'••hat    the    cquaf.o"    (  \'^)   ^'-7  ^^t   vlcZd   accurate   results. 
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PART  II 

§1- 

We  have  a  water  surface  of  depth  h.   At  a  certain  interval, 
from  -a  to  +a,  a  force  p  =  6(x)e      is  applied.   We  ask  for 
the  potential  function  at   x  =  oo . 

We  consider  only  Irrotatlonal  Incompressible  flow.   We 
restrict  ourselves  to  two-dimensional  motion  in  an  x,y-plane. 
Under  these  assumptions  we  have 

{l)5'+$"=0  .  y<0;t>0 

-XX       -yy 

(2)1=0  at        y  =    -h 

(3)         eL   -^  ^tt   =    -   ^   (6(x)e^^S    =   -f'^if   6(x-£)e^^*d^ 

for       y  =   0        ,        t   >  0 
ik)        p(x,t)    =    6(x)e^^^  for        t   >  0 

In  other  words,  the  equation  (I4.)  means  that  an  oscillatory  pres- 
sure is  applied  at  the  origin  on  the  free  surface  and  maintained 
there  for  all  time. 

Now  we  have  to  find  a  solution  J(x,y,t)  of  (1)  which  behaves 
properly  at  00,  and  which  satisfies  the  free  surface  and  bottom 
conditions.   The  result  of  transforming  (1),  (see  Sneddon  [7j), 

(5)        -S^   i   +   iyy   =   0 

(6)    J(s,y,t)  =  A(s,t)cosh  s(y  +  h) 

Applying  the  boundary  condition  to  the  cosine  transformation,  we 
obtain 

•'  y2n   j-a   ^ 


Oii:f 


il) 


oii:^    !-o  ■.;.[:;:  jaCO    vrt;/    :^'-    otjijrf.-i 


3  li 


....  '''',"'iolP..i'i!^'.-''t.    't<:    f' L^' -''J't    oil       .  sri'O 


^VS 


Ik 


On  substitution  of  ^(s,o,t)  from  (5),  we  find 


(8)   A  .cosh  sh  +  gsA  sinh  sh  = 
1 1 


Now  the  initial  conditions  are: 


(9)        A(s,o)   =  A^(s,o)    =  0 


-      -1     i^L   r*      l«^t«i?3 


v/?i     P    J-a 


d^ 


and   the    solution  of   (8)    subject   to   the    initial  condition    (9)    is 
(10) 


.(s   t)  =     "1     12:  1^  ^   e^^^^~^^3in\/gs   tanh-ily^y  t    ^^ 
s/ZtI    P   Jo  cosh  s(y+h)  \/gs   tanh  s(y+h)' 


e^^^d^ 


-a 


Finally,  we  insert  the  last  expression  for  A(s,t)  in  (6)  and, 
applying  the  inverse  transformation,  we  obtain 


(11) 


-io-!°° r*   e^^sln  v/gs   tanh  sh'  Z  ^^   f  ^   A^s 


pit 


cos    sx 


e        sin  \/gs   tanh  sh  Z  ^-y 
N/gs   tanh   sh  ' 


e   ^  dfdx   . 


-a 


Now  we  want   to   solve   the   integral      /       for     t  — >  oo  . 


IcT  t 


o  \/gs   tanh  sK  Jo 


e"  sin  \/gs   tanh  sH"  'o  dc"  = 


io- t 


\/gs   tanh  sh 


-l(jt    (-lo~sln\/gs    tanh  sht- \/g3   tanh   sK*  cos  y/gs    tanh  shit) 

gs    tanh  sh  -  0' 


y/gs    tanh 

sh' 

gs    tanh  sh 

-0" 

2 

Setting  for  sine  and  cosine  the  exponential  functions,  we  get 


'Oxt 


;  r"  o  -•■  "  - 
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rt 

o 


=    e 


left 


1(  \/gs   tanh  sh   -cr)t 


2  \/g3    tanh  sh   (  v/gs   tanh  sh   -cr  ) 
1 


-i(  v/gs    tanh  sh  +cr)t 


2  /gs   tanh  sh   (  y'gs   tanh  sh  +cr  ) 


gs  tanh  sh  -  o 


r? 


(i) 


(ii) 


(ill) 


The  parts  (i)  and  (ill)  have  a  singularity  at 

2 

cT   =  gs  tanh  s(y+h) 

For   t  — >  oo   we  can  verify  that  (1),  (11)  die  out  and  we  have, 
(see  Stoker  [l^] ) , 


Icr  _icrt 


(12)   ^  -  .  i£  e 


k  ^ 


-a 


cos  xs 


h  gs  tanh  sh  -  (5 


~? 


df:  ds 


We  integrate  over  the  path  h.   Or, 


^    i,<%.   r      »-isx.  las  ^-ias>  ^isx/  las  ^-las. 

(13)    l^^^e'-'^i     5 (5 15 111 (£^ ) 

^P^^      jh        s(g3  tanh  sh  -  cr'^) 


ds 


1  sx 
e    makes  a  contribution  that  tends  to  zero  for   x  — >  oo  .   The 

second  part  of  the  Integral  gives 


.   f   ^-isx,  las  ^-ias> 

i     2. (e   -e     )  ^g 

^^  J  h  gs  tanh  sh  -  O"  "^ 


-Is^x  ,  las^   -las^ 
o  /^    o  _    o\ 


e    '  (e    "-e 


s  (g  tanh  3  h+gsh-gs  h  tanh  sh) 


Or,  Inserting  into  (13), 


dU)        ? 


2a-    i(^-^o^) 
—   e 

P6 


sin  as 

o 

2  2  2 

3   tanh  sh+sh-sh  tanh  s   h 
o  o  o  o  o 


For     3   h  very   small    (where      s      =   2it/\,   X   =  wave    length,    h  = 


:inn^ ---X 


\-  s 


3-^^-^^-. 


'■!^''      Ji^ri-j 
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16 
depth  of  the  water)  we  get: 

l(<^-s  x)  3ln  as 

(15)    I  ^  -  •^  o  2 

^'='  s  h 

o 

§2.   The  Potential  Function  J  In  the  Approximate  Theory 
(Shallow  Water  Theory) . 

Prom  Newton's  law  (see  Part  I,  equation  (23))  we  have 


(16)   P  =  -P  it  -  Pg^'? 
or 


From  equation  (11),  Part  I,  we  have 

(18)  ■)■}.    =  -h  ? 

<■  t       —XX 

petting  ^/ «u;(x)e^^^,  J=  <t(x)e^'^,  p  =  p(x)e^°*,  we  get: 

or 

(20)   <1»  +  ^  4  ^  +  7-~  P  =  0     for  -a  <  X  <  a 

cT"  \/gRk  =  ^  \/gE   (from  equation  (l$a).  Part  I)  . 
The  solution  for  the  differential  equation  (20)  is: 


(21)    4  =  t>  cos  X  - 

v/gH 


cr   „    F 


At   X  =  +00   we  have  the  transmitted  wave  which  we  write  in  the 
font! 

-Ikx 


(22)   ^   =  Te'^*^         (for  x  =  +oo  ) 
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Wb   impose   the   sfeltio   bot^ttdalry   condition  as   in  Part   Ij   namely, 
<J>    (|i*    hAVe   io  be   cohtihUoUs   at     it  =   +a,    and   so  we  get: 


(23)   b  cos  ka  -  j-^  =  Te*^^^ 


(2i4.)    I  sin  ka  =  Te'^^^ 


or 


(25)    T  =  - 
and  now  ^  ; 


— :—  sin  ka   , 

0^  p  ' 


(k  =  -2—  ) 


ygH 


(26)    4e^^  =  .Te-il«e^^  .  .  -|>  sin  ka  e^^^'^^^  =  | 


or; 


(27)   i=  -e^^^-^^^^sin  ka  X  -^ 


pghk 


(for  p  =  1)   . 


We  see  that  for  small  kh  equation  (l5)  which  is  obtained  from 
the  exact  theory  is  the  same  as  equation  (27)  of  the  approxi- 
mate theory  (shallow  water  theory).   For  large  kh  (k  given) 
the  ratio  of  J  shallow  (J  obtained  from  the  approximate  theory) 
to  J  (^  obtained  by  the  exact  theory)  is  given  by 


(28) 


ish 


5p 


2  \/CH 

In  this  case  we  have  also  a  phase  difference  because  o  is  not 
equal  in  both  cases.   Figure  $   shows  the  ratios  of  l|^gi^/5  I  ^°^ 
given  h/X. 
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